Abstract: A flexible optical system able to perform the fractional Fourier transform (FRFT) almost in real time is presented. In contrast to other FRFT setups the resulting transformation has no additional scaling and phase factors depending on the fractional orders. The feasibility of the proposed setup is demonstrated experimentally for a wide range of fractional orders. The fast modification of the fractional orders, offered by this optical system, allows to implement various proposed algorithms for beam characterization, phase retrieval, information processing, etc. 
Introduction
The fractional Fourier transform (FRFT) plays an important role in digital and optical information processing. In particular, it is a useful tool for beam characterization, filtering, phase space tomography, phase retrieval, encryption, etc. [1, 2] . The FRFT of a two-dimensional function f (r i ) for parameters γ x and γ y , which are known as transformation angles, is defined as
where r i,o = (x i,o , y i,o ) are the input and output spatial coordinates, respectively [1] . Note that the kernel of FRFT is separable with respect to x and y coordinates. For angles γ x = γ y = 0 the FRFT corresponds to the identity transformation, whereas for γ x = 0 and γ y = π it reduces to image reflection. Meanwhile for γ x = γ y = π/2 the Fourier transform is obtained. The cases γ x = γ y = γ and γ x = −γ y = γ correspond to the symmetric and antisymmetric FRFTs, respectively [3] . Therefore the FRFT(γ x , γ y ) can be understood as a generalization of the Fourier transform. It is usual to define the transformation angle as γ = qπ/2, where q is called fractional order. For instance, the order q = 4 leads to the self-imaging case meanwhile q = −1 corresponds to the inverse Fourier transform. The properties and applications of the FRFT are discussed in detail for example in [1] . In 1993, Mendlovic and Ozaktas introduced the optical FRFT when they analyzed gradient index (GRIN) fiber [4] . In the same year, Lohmann proposed that FRFT could be realized by using conventional lens system [5] . A general treatment of optical systems performing the FRFT was realized by Sahin et al. in 1998 [6] , in which the fractional orders can be changed independently. Nevertheless all these systems are not flexible since in order to vary the transformation angle value the distances between lens and input−output planes have to be changed. The most applications such as adaptive filtering, phase space tomography, beam characterization, etc. require a fast and accurate variation of the transformations angles. In 2003 the first optical setup for FRFT based on programmable lenses implemented by a spatial light modulator (SLM) was developed [7] . Alternatively in 2006 Malyutin [8] designed a system for the FRFT able to change the fractional angles by the proper rotation of cylindrical lenses. In the same year, Moreno et al. [9] also proposed a FRFT system based on cylindrical lenses without moving the input and output planes. These optical systems permit relatively easy to modify the fractional order but the resulting field amplitude is affected by an additional scaling depending on the transformation parameter, that in many cases is not desirable.
Recently we have designed lens based optical systems able to perform attractive operations such as image rotation, FRFT and the gyrator transform (GT), [3] . These setups have the following advantages: i) distances between lenses and input−output planes are fixed; ii) the change of the transformation parameters is only achieved by means of power variation of the lenses; iii) the change of transformation parameters does not produce additional scaling of the transformed field; iv) the number of lenses used in the setup satisfying the above mentioned conditions is minimal. It has been shown that such flexible systems for the FRFT [3] and the GT [10, 11] , contain three generalized lenses. We remind that the generalized lens is an assembled set of centered cylindrical lenses which can be rotated with respect each other in the plane transversal to the propagation direction, [12] . In particular, for the antisymmetric FRFT [3] and the GT [10, 11] , optical systems with variable transformation parameters can be constructed applying glass generalized lenses. The variation of the transformation parameter is achieved by the rotation of the cylindrical lenses, which form the generalized lenses. Nevertheless, as we show here, the required generalized lenses can be performed by using SLMs. Then to the advantages mentioned before one can also add the almost real time variation of the transformation angles.
In this work we present the experimental implementation of a programmable optical setup able to perform the FRFT with arbitrary fractional orders which can be tuned continuously. The system feasibility is demonstrated on the example of the transformation of Hermite−Gaussian and Laguerre−Gaussian beams which are eigenfunctions for the symmetric FRFT.
Flexible system design for FRFT
The proposed FRFT setup contains three generalized lenses with fixed distance z between them, see Fig. 1(a) , where the last lens and first one are identical (L 3 = L 1 ). Each generalized lens, L 1 and L 2 , is an assembled set of two crossed (at angle π/2) cylindrical lenses with variable lens power given by:
correspondingly [3] . The graphical representation of the lens power as a function of the transformation angles (denoted as lens operation curve) is displayed in Fig. 1 (b) and 1(c) for L 1 and L 2 , respectively. From Eq. (2) it follows that this optical setup performs FRFT for the angle interval γ x,y ∈ [π/2, 3π/2], see Fig. 1 (b) and 1(c). This interval is sufficient for a large list of the FRFT applications including adaptive filtering, beam characterization, phase space tomography, etc. Nevertheless, the entire interval γ x,y ∈ (0, 2π) can be also covered, due to the relation 
and the Fresnel diffraction integral calculation, corresponding to each free-space interval. Then the complex field amplitude at the output plane of the FRFT setup is given by [3, 13] :
The latter expression coincides with the definition of the FRFT [see Eq. (1)] except for a constant phase factor and normalization s 2 = 2λ z, which is independent of the transformation angles γ x and γ y . Notice that the described algorithm is used for the numerical simulation of this FRFT setup.
Since many applications such as beam characterization, phase retrieval, chirp detection, etc., demand the acquisition of the FRFT squared moduli for various angles associated with intensity distributions, the implementation of the third generalized lens (L 3 = L 1 ) is not required. Therefore the optical setup for the measurements of the FRFT power spectra, considered below, consists from only two generalized lenses: L 1 and L 2 . The rapid variation of the fractional angles, directly related to the generalized lens powers [Eq. (2)], can be achieved by using SLM for the lens implementation. Fig. 2 . Experimental setup. The amplitude and phase distributions of the input signal are generated by means of SLM1 (CRL-XGA2, 1024×768 pixels) and SLM2, correspondingly. SLM2 and SLM3 (Holoeye LCR-2500, 1024×768 pixels) implement L 1 and L 2 lens, respectively. Output signal is registered by a CCD camera (XGA, 4.6 μm pixel size). The optical path z is set at 50 cm. SLM performance at phase-only modulation is reached by using a λ /2 wave plate (WP).
Here we propose the experimental setup for the acquisition of the FRFT power spectra, displayed in Fig. 2 , where two reflective SLMs operating in phase-only modulation (SLM2 and SLM3) are used for lens implementation. For the input signal f (x i , y i ) generation we also apply a transmissive SLM (SLM1) which modulates the amplitude of a collimated Nd:YAG laser beam with wavelength λ = 532 nm. Thus the amplitude distribution | f (x i , y i )| is implemented on SLM1 that is projected on SLM2 by using a 4-f lens system, where its phase distribution arg[ f (x i , y i )] is addressed together with the phase arg [Ψ 1 (x, y)] associated to the first generalized lens. At the distance corresponding to the optical path z (in our case z = 50 cm) the SLM3 is located, which implements the generalized lens L 2 . The intensity distribution of the output signal is registered by a CCD camera that is placed at the distance corresponding to the optical path z from the SLM3, see Fig. 2 . Each SLM is connected to the same PC and the alignment between them is reached digitally which is limited by the pixel size (19 μm in our case). Thus position stages for the SLM alignment are not required. We have developed a customized software for the system control able to change the fractional orders at almost real time and to store the measured FRFT power spectra as a video file.
Experimental results
In order to test the proposed experimental setup we use as input signals the Hermite−Gaussian (HG)
and Laguerre−Gaussian (LG)
LG In particular, applying the antisymmetric FRFT for angles γ = (2k +1)π/4 to the LG ± p,l (r; w) mode, where k is an integer whereas p = min(m, n) and l = |m − n|, the HG m,n (r; w) one (ro-tated at angle ±π/4) is obtained. Therefore it is easy to test the FRFT experimental setup using the HG and LG modes because we know exactly their transformation for any angle. The system characterization has been done with the HG and LG modes for different indices. Here we demonstrate the experimental results, Fig. 3 , for HG 3,2 3(a) and LG + 4,1 3(d) modes. The symmetric FRFT at angle γ = 135º is displayed in Fig. 3 (b) and 3(e) for HG 3,2 and LG + 4,1 , respectively. Meanwhile the antisymmetric FRFT at angle γ = 135º is shown in Fig. 3(c) The transformation of LG + 4,1 mode under antisymmetric FRFT is also displayed in Fig. 4 for γ = 225º + k11.3º, where k = 0, ..., 4. First and second rows (intensity and phase distribution) correspond to numerical simulation of the FRFT setup whereas experimental results are displayed at the third row, see Fig. 4 . Notice that the phase distributions here and further correspond to the simulation of the FRFT system with three lenses [see Fig. 1(a) ].
As it is demonstrated in Fig. 3 (Media 1−4) and Fig. 4 , the resulting transformation has no scaling factors depending on the transformation angles. These results are in good agreement with the theoretical predictions that demonstrates the optical setup feasibility. Nevertheless, it is observed a weak distortion in the intensity distribution during these transformations that we address to discrete structure of the SLM and its dynamic range (256 levels in our case). Moreover, the nonlinear response of the SLM and the deviation from flatness of its reflective surface lead to distortions in phase modulation which could be reduced applying wavefront correction techniques discussed in [15] .
In order to demonstrate the FRFT operation for the case |γ x | = γ y we consider LG Finally, we study the transformation of LG The fast modification of the fractional orders allows to implement various proposed algorithms for beam characterization, phase retrieval, information processing, etc. Moreover algorithms such as fractional convolution can be also implemented by using a cascade of optical FRFT setups [1] . Since the last and first lenses corresponding to each FRFT sub-system can be addressed into the same SLM, our setup is also able to perform such operation. Other interesting application is the Radon−Wigner display proposed in [16] , which can be used for classification and detection of linear FM components as well as for noise reduction of one-dimensional signals. It contains a continuous representation of the FRFT power spectra of a signal as a function of fractional order. This optical setup also involves fixed free-space intervals but it only performs the one-dimensional FRFT of variable fractional orders.
Conclusions
Using two spatial light modulators for lens implementations we have developed an optical setup able to perform automatically the two-dimensional FRFT for an arbitrary set of fractional orders. The variation of the fractional parameter can be done at almost real time. In contrast to other FRFT setups, the resulting transformation has no scaling factors depending on the fractional orders. A setup characterization based on the transformation of HG and LG modes has been demonstrated. The experimental results are in good agreement with the theoretical predictions and demonstrate the setup feasibility for attractive applications such as beam characterization, mode conversion, filtering, phase space tomography, etc.
